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Abstract. Here we show an theoretical error bound of Hybrid Rational Function Approxima-
tion (HRFA) using a study of the aymptotic behavior of Pad\’e approximation. In HRFA, an approximate
GCD of numerator and denominator polynomials of a rational function is computed. Then the continued
fraction which remove the approximate GCD is computed by using the polynomial remainder sequence
of approximate GCD algorithm. We show the continued fraction is equal to the Pad\’e approximation of
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$f(x)$ $[a, b]$ $x_{0}=a<x_{1}.<$








( ) ( $\mathrm{H}$ RFA :
Hybrid Rational Function Approximation) HRFA
(HRFA)
: ,xo, $x_{1},$ $\cdots,$ $x_{M}$ $f:=f(x_{1}),$ $i=0,$ $\cdots,$ $M$ ,
GCD cutoff $\epsilon(0<\mathrm{e}<<1)$
: $(x\mathrm{o}, f_{0}),$ $(x_{1}, fi),$ $\cdots,$ $(x_{M}, f_{M})$ $r(x)=N(x)/D(x)$
:
1. $(m, n)$
$r_{m,\mathfrak{n}}^{0}(x)= \frac{N_{m}^{0}(_{X)}}{D_{n}^{0}(x)}=\frac{\sum_{j=0}^{m}a_{j}x^{\mathrm{j}}}{\sum_{j=0}^{n}bj^{X^{j}}}$ , $b_{0}=1$
$M=m+n+1$












2 $N(x),$ $D(x)$ GCD (PRS) $P_{\mathrm{O}},$ $P_{1},$ $\cdots,$ $Pk\neq$
$0,$ $P_{k+1}=0$ (cutoff $\epsilon$ ) $)$
$Q_{1}$. $=$ $\mathrm{q}\mathrm{u}\mathrm{o}(P_{1}.-1/P.\cdot)$ .
$P_{i-1}$ $=$ $Q_{\mathrm{i}}P_{i}+ \max 1^{1,\mathrm{m}}\mathrm{m}\mathrm{c}(Q,)\}\cross P_{\iota+\downarrow},$ $i=1,$ $\cdots,$ $k$ . (1)





$N(x)$ $D(x)$ GCD $\hat{N}^{0}$ $\hat{D}^{0}$ GCD
$\mathrm{A}_{\mathrm{P}}\mathrm{x}\mathrm{G}\mathrm{c}\mathrm{D}(\hat{N}^{0},\hat{D}^{\mathrm{o}},\epsilon)$ PRS $\hat{r}^{0}(t)$
$m_{1}$




$Q_{4}+\cdot$ . . $+\underline{m_{k-1}}$
$Q_{k}+ \frac{P_{k+1}}{P_{k}}$
$m_{1}=\mathrm{m}\mathrm{m}\mathrm{c}(Q.)$ cutoff $\epsilon$ $P_{k+1}$ $=0$ GCD
9 $(t)=P_{k}(t)$ $\hat{r}(\ell)$
$m_{1}$











$x$ $r(x)$ $r^{0}(x)$ Taylor
83.1. $r(x)$ (5) $\hat{r}(t)$ $x=1/t$ $r^{0}(x)$ (4)
$r(x)$ $r^{0}(x)$ $x=0$ Taylor $\sum_{i=\mathit{0}^{d_{\mathfrak{i}}}i=\mathit{0}^{c_{1}}}^{\infty}x^{i},$$\sum\infty\cdot xj$
$\mathrm{o}r^{0}(x)$ normal $d:=c_{i},$ $i=0,$ $\cdots,$ $\mathit{2}k$




















GCD $Q_{k}$ $r(x)=N_{k}(x)/D_{k}(x)$ $Q_{k+1}$ $C_{k+1}’(x)=$
$N_{k+1}(x)/D_{k+1}(x)$
$C_{k+1}(x)-r(_{X)}$ $=$ $(-1)^{k}. \frac{x\prod_{1=1}^{\kappa}(m_{i^{X)}}2}{D_{k+1}(x)D_{k}(X)}$ ,
$\frac{d^{J}}{dx^{j}}(C_{k+1}(x)-r(x))|_{x=0}=0$ $j=0,$ $\cdots,$ $2k$ ,
$C_{k+1}(x)$ $r(x)$ $x=0$ Taylor $0$ 2k – , o $(x)$
$r(x)$ //
$r^{\mathrm{O}}(x)$ 2 2 GCD





$r_{1}(x)$ $=$ $\frac{0.666+\mathrm{o}.166x}{1.00+\mathrm{o}.166X}$ ,
$r_{2}(x)$ $=$ $\frac{0.666+0.361X+0.0488X^{2}}{1.00+0.46\mathrm{o}x+\mathrm{o}.488x^{2}}$ .
Taylor $r^{0}(x)$
$r^{\mathrm{O}}(x)$ $=$ 0.66555777+5.5654913 $\cross 10^{-2}x-9.2562972$ $\cross 10^{-3}x^{2}$
+1 $5379983\cross 10^{-3}x^{3}$ – 25511754 $\cross 10^{-4}x^{4}+O(x^{5})$ ,
$r_{1}(x)$ $=$ 0.66555777+55654913 $\cross 10^{-2}x-9.2562972$ $\mathrm{x}10^{-3}X^{2}$
+15394694 $\cross 10^{-3}x^{3}$ – 25603825 $\cross 10^{-4}X^{4}+O(x^{5})$ ,
$r_{2}(x)$ $=$ 0.66555777–55654913 $\cross 10^{-2}x-9.2562972$ $\mathrm{x}10^{-3}x^{2}$
+15379983 $\cross 10^{-3}x^{3}$ –2551175404 $\mathrm{x}10^{-4}X^{4}+O(x^{5})$ .







: GCD Pad\’e $r(x)$
:
$0$ . $t=1/x$ $r^{0}(x)$ $t$
$\hat{r}^{0}(\ell)$ $=$ $\frac{N^{\mathrm{O}}(t)}{\hat{D}^{0}(t)}$ .



















84.1. $0\leq\rho\sim<$ J–2, $\Gamma_{\rho}=\{z : |z|=\rho\}$
$||\pi_{\mathfrak{n}+1(z)}-\pi_{\mathfrak{n}}(z)||_{C(\ulcorner)}<\rho\epsilon/2$
$||P||_{C(}$ ) $= \max\{|p(z)| : z\in[’\}$
[6] Lemma






$\pi_{\mathfrak{n}+1(z)}-\pi_{n}(z)$ $=$ $\frac{Az^{2n+1}}{Q_{n+1}Q_{n}}$ (6)
$A$ $z=\xi n+1,k$ $A$
$A$ $=$ $‘ \frac{Q_{n}(\xi.+1,k)P_{n}+1(\xi n+1,k)}{\xi_{n+1,k}^{9_{1}}\sim+1}$, $(_{l}^{\neg})$
$P_{n+1}(z)= \prod_{1=1}^{n+1}.(z-\eta_{\mathfrak{n}}+1,i)/\prod_{1=1}^{\mathfrak{n}+1}.(-\eta_{n}+1,i)$






842. (7) (6) $|A|$
$|A|$ $\leq$ $\frac{||Q_{\mathfrak{n}}||c(\Gamma_{\rho})}{\rho^{\mathfrak{n}}}\prod_{=i1}^{n+}(\frac{1}{\epsilon n+1.k}1-\frac{1}{\eta_{\mathfrak{n}+1,i}})$
$\rho$ $<$ $\xi_{\mathfrak{n}+1,k}$
$0\leq\rho\leq 1$ $Q$ $(_{\sim}^{\backslash })=$
$\prod_{1=1}^{\mathfrak{n}}.(z-\xi_{\mathfrak{n},i})/\prod_{i=1}^{\mathfrak{n}}(-\xi_{n,i})$
$||Q_{n}||_{C\Gamma_{\rho}}()$ $=$ $|| \prod_{k=1}^{\hslash}(z-\xi_{\mathfrak{n}},.\cdot)/\prod_{i=1}(n-\xi n,.\cdot)||_{C(r_{\rho}})$
$\leq$ $(1+\rho)^{\mathfrak{n}}$
$|A|$
$|A|$ $\leq$ $2^{n} \epsilon(\frac{1+\rho}{\rho})^{n}$
$\pi_{n+}\iota$ $\pi_{n}$ $||\pi_{n+1}-\pi_{\mathfrak{n}}||c(\mathrm{r}_{\rho})$ (6)
$||\pi_{n+1}-\pi_{n}||_{C\mathrm{t}^{\Gamma}\rho})$ $\leq$ $\frac{|A|\rho^{2n+1}}{\min_{z\in\Gamma_{\rho}}|Qn(z)Q_{n+}1(z)|}$
$\min|z|=\rho|\prod_{k=1}^{m}(z-\xi_{m,1})/\prod_{1=1}^{m}.\xi m,||\geq(1-\rho)^{m}$














$\pi_{3}$ $\pi_{2}$ $x=0.\mathrm{o},$ $0.11,$ $\mathrm{o}.23$ 3
$|\pi_{3}(0)-\pi_{2}(0)|$ $=$ $0.00<0.005$
$|\pi_{3}(0.11)-\pi_{2}(0.11)|$ $=$ 0.132 $\mathrm{x}10^{-11}<$ 0.005
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